In this paper we state a full classification for Coxeter polytopes in H n with n + 3 facets which are non-compact and have precisely one nonsimple vertex.
Introduction
A polytope P in hyperbolic n-space H n is called a Coxeter polytope if bounded by hyperplanes which intersect at angle π m ij , m ij ∈ N, m ij ≥ 2 for hyperplanes H i and H j . They have the interesting property that they tessellate the space H n through reflections in the bounding hyperplanes.
We can define P as P = ∩ i∈J H − i , J an arbitrary index set and H − i the half-space containing P. The intersection of a Coxeter polytope with a bounding hyperplane is called a facet of the polytope.
If the Coxeter polytope P has a vertex at infinity, i.e. the hyperplanes intersect at infinity to form a vertex, then P is said to be non-compact, otherwise we say P is compact. Also, if all vertices of P ⊂ H n are formed by the intersection of precisely n hyperplanes then P is said to be simple, otherwise we say P is non-simple.
All Coxeter polytopes with n + 1 facets (simplices) have been fully classified [2, 3, 8] . Coxeter polytopes with n + 2 facets have been fully classified by Kaplinskaya [7] for simplicial prisms, Esselmann [5] for compact Coxeter polytopes and Tumarkin [9] for non-compact Coxeter polytopes.
In the case of Coxeter polytopes with n + 3 facets Esselmann [4] began and Tumarkin [11] completed the classification in the compact case. The non-compact case remains without classification currently, however there are some results.
In Tumarkin [10] there is the following theorem:
Theorem 1 (Tumarkin [10] Theorem 1). There are no Coxeter polytopes of finite volume with n + 3 facets in H n of dimension n ≥ 17. There is just one such polytope in H 16 and it has the following Coxeter diagram:
Andreev [1] proved that in dimension 3 there are infinitely many Coxeter polytopes with n + 3 facets.
Non-simple pyramids have been classified by Tumarkin [10] and will not be considered in this text. Therefore a classification is desired for dimensions 4 to 16 for non-compact non-pyramidal Coxeter polytopes with n + 3 facets. This paper focusses on those polytopes with precisely one non-simple vertex, i.e. the Coxeter polytopes in H n which have one vertex formed by the intersection of n + 1 hyperplanes. A full classification of these is displayed in Appendix A.
The majority of this text is copied directly from my Masters dissertation in which a near classification of the non-compact non-pyramidal Coxeter polytopes with n + 3 facets and one non-simple vertex was obtained.
Gram matrices
Gram matrices are an elegant way to display and encode the structural information about a Coxeter polytope in matrix form. They also provide the opportunity to question the structure of the Coxeter polytope from a Linear Algebra approach by, for example, considering the eigenvalues and determinant of the Gram matrix.
Definition 2 (Vinberg [12] §1.3). The Gram matrix G = (g ij ) of a Coxeter polytope P = i∈J H − i ⊂ H n bounded by |J| hyperplanes is a |J| × |J| matrix where: In this section we will detail the rigorous approach taken to classify the non-compact nonpyramidal Coxeter polytopes with n + 3 facets and one non-simple vertex. We start by introducing some notation and then two important lemmas. 2. if a i+1 and a k+i+1 have non-zero weights, the Coxeter diagram S i+1,k+i is quasi-Lannér.
3. if a i+1 has weight zero, the Coxeter diagram S i+2,k+i is quasi-Lannér.
Lemma 9 (Tumarkin [10] Lemma 2)
. Let G be the Gale diagram of a polytope P, and suppose that the weights of the vertices a i and a k+i−1 are zero. Then the diagram S i+1,k+i−2 is Lannér.
Remark 10.
We see that a non-simple Coxeter polytope is represented by a Gale diagram which has pairs of nodes opposite one another around the circumference and whose labels must be 1 (Lemma 8.1). In this text we focus on those Gale diagrams which are a circle with precisely one pair of nodes opposite one another.
Notice that there are only a finite number of Gale diagrams in each dimension which have one pair of nodes opposite each other, this can be seen as the task of splitting integer n + 1 over the nodes which are not opposite one another.
As the final point before detailing the methodical approach taken, we quote the following important theorem:
Theorem 11 (Vinberg [12] Theorem 2.1). Let G = (g ij ) be an indecomposable symmetric matrix of signature (n, 1) with 1 s along the diagonal and non-positive entries off it. Then there is a convex polytope P in H n whose Gram matrix is G. The polytope P is uniquely determined up to isometry in H n .
The method explained
Suppose we look to find all non-compact non-pyramidal Coxeter polytopes in H n which have n + 3 facets and one non-simple vertex, then applying the following method will give all such Coxeter polytopes.
1. Determine all possible Gale diagrams up to congruence.
2. Apply Tumarkin's Lemma's 8 and 9. These will restrict Coxeter subdiagrams which can be formed.
3. Apply the restrictions which can be read off from the Gale diagram such as those subdiagrams which are necessarily elliptic, etc.
4. Form a Gram matrix G for the candidate Coxeter diagrams and check that the determinant of G and of any (n + 2) × (n + 2) minor is zero (Remark 3)
5. Apply Vinberg's Theorem 11 and check the signature of the Gram matrix G. If the signature is (n, 1, 2) then the Gram matrix G corresponds to a Coxeter polytope.
Results and Further Work
The full classification for the non-compact non-pyramidal Coxeter polytopes with n + 3 facets and precisely one non-simple vertex is shown in Appendix A. It is interesting to note that there are no examples in dimension 11 and above.
To obtain a full classification of the non-compact Coxeter polytopes with n + 3 facets it remains to classify such simple Coxeter polytopes and non-simple non-pyramidal Coxeter polytopes with more than one non-simple vertex.
Once this is completed then along with along with [11] and [10] this will complete the classification of Coxeter polytopes with n + 3 facets.
A. New Coxeter Polytopes
This section details the new Coxeter polytopes found which have n + 3 facets, are non-compact non-pyramidal and have precisely one non-simple vertex. They are split over the following subsections by the dimension in which they exist.
The nodes are labelled by the location of that node in its Gale diagram. For example, a node labelled j will appear at location a j in the Gale diagram with label 1, a node with label i, j (with j ∈ {1, . . . s}) will be one hyperplane from node a i in the Gale diagram (which has label s). This is purely to provide an easy trail back to the Gale diagram for the Coxeter polytope and these node labels may be ignored.
A. 
